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An elementary proof is given of the theorem: If D = -3q or -27q is the 
discriminant of a cubic field, where q = 1 (mod 4) is a prime, and if p or 4p is 
represented by c2 + j D j d2, then the fundamental unit in the field Q(q’/“) is a 
cubic residue of the prime p. In special cases necessary and sufficient conditions 
are derived. 
Let q = 1 (mod 4) be a given prime, and let the fundamental unit E* 
in the field qllz be given by 
E* = (t + 24 q’/“)/2 
so that the Pell equation is 
(1) 
t2 - qu2 = -4. 
Let p = 6n + 1 be a prime such that 
(2) 
(p/q) = 1. (3) 
In [S] I stated without proof a criterion for the cubic character of 
+, = (1 + 51i2)/2, namely for q = 5, 
(Q/P)3 = 1 iff p = c2 + 27qd2. (4) 
The proof of this statement using cyclotomy of order 15 will be found 
in Muskat [9] for p = 1 (mod 30). Pierre Barrucand pointed out in a 
letter that (4) holds for q = 2 and q = 3. This can also be proved using 
cyclotomy. 
The question naturally arises, and was asked by me at the Asilomar 
conference last December, for what other values of q, if any, does (4) 
hold and how should it be modified for other values of q. In answering 
this question in what follows I will give a new and simple proof of (4) 
for q = 5. 
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Such criteria, which are of interest in themselves, also have applications 
to second order recurring series 
u n+1 = t un i- u,-1 1 
whose scale of relation is 
u, = 0, u, = 1, (5) 
X2-tx-l=O (6) 
with roots E* and Cp, and discriminant d = t2 + 4 = qu2 by (2). 
Thus our condition (3) implies the divisibility of U~s-1),2 by p, while 
under this condition 
P I ~hI-I)/6 iff EJP)~ = 1. 
The quadratic (6) is the resolvent of the cubic 
(7) 
of discriminant 
f(x) = x3 + 3x + t 
D = -274 = -27qu2. 
(8) 
By a theorem of Dickson [4] if (D/P) = 1, thenf(x) splits completely 
or is irreducible modulop according as the roots of the resolvant quadratic 
are cubic residues of p or not. Hence we can state the following lemma. 
LEMMA 1. f(x) splits completely module p if and on& if (~*/p)~ = 1. 
Now if D, = -3q or -27q is the discriminant of a cubic field, then 
f(x) can be taken for the field equation. Dedekind showed [2] that the 
class number h((D3)l12) of binary quadratic forms of discriminant D, is 
divisible by 3 and that the splitting primes p are represented by one of the 
Iz((D,)‘/~)/~ binary quadratic forms which are cubes under composition. 
But by Lemma 1, for such primes p we have (~,/p)~ = 1. 
Another property [1] of the splitting primes p is that the relative class 
number If(p) = h( p2q)/h(q) = 0 (mod 3). Hence one could define 
(E,/p)3 = &P(P) (9) 
where w is as usual a primitive cube root of unity. 
Since the splitting primes are represented by the principal class we have 
the following theorem. 
THEOREM 1. If D, = -3q or -27q is the discriminant of a cubic 
field and if 
p = c2 + ) D, 1 d2 for q = 5 (mod S), 
4p = c2 + 1 D, I d2 for q = 1 (mod 8), 
then 
(%/P>3 = 1 and H(p) = 0 (mod 3). 
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If moreover the class number h((D,)1/2) = 6, then we can state a 
stronger theorem, namely 
THEOREM 2. If D3 = -3q or -27q is the discriminant of a cubic 
field and if h((DJ112) = 6, and if 
then 
3 f tu and tq = fu (mod 9) (*) 
$7 
(B), = 1 1. 
p = c2 + 1 D, 1 d2 
lff 4p = c2 + 1 D, I d2 
for q = 5 (mod 8), (1o) 
for q E 1 (mod 8). 
The known values of q for which h((-3q)li2) = 6 are 
q = 29, 113, 137, 257, 281, 353,401, 449, 521, 761, 929. (11) 
All of these except 761 satisfy the condition (*) given by Cohn [l] for 
-3q to be a discriminant of a cubic field. 
In (1 I), q = 1 (mod 8) except for q = 29. Hence we have the following 
corollaries to Theorem 2. 
COROLLARY 2.1. (~~~/p)~ = 1 z$ p = c2 + 87d2. 
COROLLARY 2.2. (~~/p)~ = 1 i# 4p = c2 + 3qd2, for q = 113, 137, 
257, 281, 353, 401, 449, 521, 929. 
The known values of q for which h((-27q)li2) = 6 are q = 5, 17, 41, 
and 89. Hence we have a proof of (4) for q = 5, and the following. 
COROLLARY 2.3. For q = 17, 41, and 89 
(‘g/P)3 = 1 lJ- 4p = c2 f 27qd2. 
Thus for q = 17, the least prime for which Q, = 4 + (1 7)*12 is a cubic 
residue is p = 127, and 4.127 = 72 + 27 * 17. We can also assert that 
127 divides U,, of the Lucas series 
u n+l = Sun i- U,-, , u, = 0, u, = 1. 
For q = 13, D, = -27 * 13 = -351 and h((--351)lj2) = 12, hence 
we can only say that (EJP)~ = 1 ifp = c2 + 351d2 orp = 13c2 + 27d2, 
but we cannot say which of the two forms will represent p. Similar 
statements can be made for other D, for which h((D3)1/2) = 12. 
The known primes q for which h((D3)1/2) = 12 are 
q = 109, 181,229,241,457,473, 1009,1129,1249, and 1609. 
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Of these 229, 473, and 1129 do not satisfy the condition (*) for -3q to 
be a field discriminant, since t - 6 (mod 9). In these three cases h(qlP) z 0 
(mod 3). 
The only known primes q with h((-27q)l12) = 12 are q = 13, 73, and 
97. The cubic field discriminants 1 D, j < 1000 together with the field 
equations in which the coefficients are made as small as possible will be 
found in Mathews [8] and in Delone and Feddeev [3]. 
Another curious consequence of Theorem 2 is the following. 
THEOREM 3. Let D, = -3q or -27q be the discriminant of a cubic 
field and let h((D3)lJ2) = 6. Then all the prime factors p = 6n + I of t 
satisfy 
P > IDSI if q=8n+5, 
4~ > I D, I if q=8n+l. 
For example 
q = 113, D, = -339, t = 1552 = 24 .97 and 388 > 339, 
q = 137, D, = -411, t = 3488 = 25 * 109 and 436 > 411. 
Theorem 3 follows immediately from Theorem 2 and the comment 
that if p divides t then by (2) qu2 = 4 (modp) and hence by (1) we have 
E* z +l (mod p) and (~*/p)% = 1. I have verified that the list (11) is 
complete for 1 D, 1 < 12500. Therefore 
COROLLARY 3.1. If h((DJ1/2) = 6 for D, = -3q or -27q with 
q > 1609, and if p = 6n + 1 divides t then p > 3125. 
An even stronger theorem can be obtained from [9] for prime factors 
p = 4n + 1 of t corresponding to primes q = 1 (mod 4) for which 
h((-q)1/2) = 4. For such primes p must exceed q. For example for 
q = 73, t = 2136 = 23 . 3 . 89. Hence if there exists a q > 193 with 
h((-q)li”) = 4, then every prime factor p = 4n + 1 of t exceeds 12500. 
Pierre Barrucand has some unpublished results for primes q = -1 
(mod 4) involving the cubic character of esU as part of his general theory 
of cubic fields. 
In conclusion I note that the splitting of the quintic 
x5 + 10x3 + lOtx2 + 5(t2 + 1)x + (P + 2) = 0 (12) 
of discriminant D = 55(qu2)6 is equivalent to (~,/p)~ = 1. 
In an earlier paper [6] I was able to characterize the so-called artiads 
of Tanner [IO], which are primes represented by 
16~ = x2 + 50u2 + 50v2 + 125~” with xw = v2 - u2 - 4uv (13) 
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with w = 0 (mod 5) as primes for which (~,/p)~ = 1. This establishes 
a connection between the splitting of the quintic (12) with t = 1, D = 511 
and the quatenary quadratic form (13). I also note that the least artiad 
p = 211 is also the least prime with H(p) = 5. I hope to be able to 
establish this connection for other values of q and to give proofs of the 
above statements in a future communication. 
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